Abstract-This paper uses world running records by age to estimate a biological frontier of decline rates. Two models are compared: a linear/ quadratic (LQ) model and a nonparametric model. Two estimation methods are used: (a) minimizing the squared difference between the observed records and the modeled biological frontier and (b) using extreme value theory to estimate the biological frontier that maximizes the probability of observing the existing world records by age. The results support the LQ model and suggest a linear percentage decline up to the late 70s and quadratic decline after that.
I. Introduction
A N important biological question is how fast people's physical abilities decline with age. This paper focuses on running events. World records by age are used to estimate decline rates. Two models are compared. One is the linear/quadratic (LQ) model in Fair (1994 Fair ( , 2007 , and the other is a nonparametric (NP) model. Comparisons are also made to the World Masters Athletics (WMA) age factors, which are sometimes used for age grading in races. Nearly a hundred years ago Hill (1925) pointed out the potential usefulness of athletic records to study the physiology of muscular exercise. Our paper is in this tradition. 1 World records by age are used to estimate a biological frontier of decline rates. This paper focuses on two restrictions that seem sensible biologically. The first is that after a certain age (40 is used here), the rate of decline is nondecreasing with age. This will be called the "first derivative" restriction. The second is that the change in the rate of decline is nondecreasing with age. This will be called the "second derivative" restriction. In short, after decline begins, nothing gets better with age. The LQ model automatically meets these restrictions, and they are imposed on the NP model. In contrast, the WMA decline rates do not always meet the second derivative restriction. As we will show, the WMA second derivatives sometimes decrease with age, and in some cases, they not only decrease with age but are negative.
The first set of estimates finds the closest possible lower envelope on the observed data subject to the derivative restrictions mentioned above, where "close" is defined according to the squared difference between the observed records and the modeled biological frontier. These estimates are pessimistic regarding the further evolution of age world records in that it is possible for observed records and values on the biological frontier to be equal for some age/event pairings if the derivative constraints allow this to occur, meaning that no further reductions are possible for such age/event combinations.
The second set of estimates relies on extreme value theory to estimate the biological frontier that maximizes the probability of observing the existing world records by age. This approach requires a strong assumption regarding the distribution of the gaps between the existing records and the biological frontier. These gaps are assumed to have the same distribution for each age and event. Although this is a very strong assumption, it turns out that the two sets of estimates are similar regarding the estimated rates of decline. An advantage of using extreme value theory is that it permits an estimate of how far the existing world records are from the true frontier on average. In other words, it provides an estimate of how far the current world age records are expected to decline.
As will be seen, the results support the LQ model over the NP model. The latter has results at the very old ages that are not sensible. However, even the NP model dominates the WMA estimates except at the very old ages because it meets the second derivative restrictions, which the WMA age factors do not.
Two interesting features of the LQ results are that the decline rate (in percentage terms) is linear up to the late 70s and even at age 90, people are only a little more than twice as slow as they were in their peak years. Assuming that one is not injured or sick, stays in peak shape age-corrected, and declines in percentage terms at the same rate as the world records, life is good. The extreme value results estimate that the existing world records are on average about 7.8% above the true frontier.
II. The Models

A. The Linear/Quadratic Model
Assume that one has world records by age for a given running event, where r k will be used to denote the log of the record time for age k. Using logs means that all decline rates are in percentage terms. For the results below, k ranges from 40 to 95 per running event. b k will be used to denote log of the (unobserved) biological minimum time for age k. By definition,
where k is the gap between the record time and the true biological minimum time. It will be close to 0 if the record time is close to the biological minimum. Otherwise it is positive. More will be said about this below. The LQ model postulates that the decline rate (in percentage terms) is linear up to a transition age and then quadratic after that. The transition age is one of the estimated parameters. At the transition age, the linear and quadratic segments are constrained to touch and to have the same first derivative. The formula for b k is
with the restrictions
The two restrictions force the linear and quadratic segments to touch and to have the same first derivative at k * . The unrestricted parameters to estimate are the intercept, β, the slope of the linear segment, α, the age at which the line changes from linear to quadratic, k * , and the quadratic parameter, δ. The first derivative of b k with respect to k is α up to the transition age and then increases by a constant amount (2δ) after that. The second derivative is 0 up to the transition age and then constant (2δ) after that.
The equation that is estimated is then
where
In the data, r k are sometimes "dominated" in that they are greater than r k+1 . Under the assumption that b k never declines with age (after age 40), dominated times must have large gaps associated with them. The dominated observations are "soft." For this reason, in the estimation work, dominated observations are not used. Since k can never be negative, equation (4) is estimated under the restriction that all estimated gaps are nonnegative.
For the results in section VI, age factors, denoted R k , are presented. They are computed as follows. Letb k denote the predicted value of b k using the estimated values of β, α, k * , and δ for k = 40, . . . , 95. Then R k is
B. The Nonparametric Model
The LQ model is tightly parameterized, and it is interesting to see how it does against a nonparameteric model constrained only by the first and second derivatives being nonnegative and nondecreasing. Letting A denote the set of ages for which nondominated observations exist, this is readily achieved as the solution to the following quadratic programming problem:
subject to
The constraints are easily understood: constraint (7) forces b k to fall at or below the observed records at all ages for which data exist; constraint (8) ensures that the b k curve can never decrease (equivalent to a nonnegative first derivative); constraint (9) enforces convexity (equivalent to a nonnegative second derivative); and constraint (10) ensures that the second derivative is nondecreasing. Note that although only records from age 40 through 95 are used in fitting the model, it is necessary to estimate biological limits at ages 37, 38, and 39 as well to enable constraints (8) to (10). Solution of this model results in LQ segments that provide a lower envelope of the data that minimizes the sum of squared residuals.
III. The Data
Data for six running events were obtained from the site of the Association of Road Racing Statisticians (AARS) (http://www.arrs.net/SARec.htm). The data are AARSrecognized world records by age. Four of the events are road racing events: 5K, 10K, half marathon, and marathon. Two of the events are outdoor track events: 5,000 meters and 10,000 meters. The road racing data are better than those used in Fair (2007) because they pertain to all runners. The earlier data pertained only to U.S. citizens. In addition, the data ended in 2003 in the earlier study compared to 2016 in the present study. In Fair (2007) the events were 800 meters, 1,500 meters, 5,000 meters, 10,000 meters, 5K, 10K, and marathon. For this study, the first two have been dropped (no data) and the half marathon has been added.
Age 40 was used as the initial age, and, as noted in section II, dominated times were excluded. The number of observations for the 5K, 10K, half marathon, marathon, 5,000 meters, and 10,000 meters were 32, 31, 33, 33, 38, and 33, respectively, for a total of 200 observations. The oldest age for each event was 94, 92, 91, 90, 95, and 93 , respectively. The total number of observations for ages 86 and above was 32.
In Fair (2007) the initial age was taken to be 35 instead of 40. The current data, however, suggest that there is not much decline between 35 and 40, certainly less than from age 40 on. The initial age was thus taken to be 40, and no attempt was made to estimate decline rates before 40. As a rough approximation, the data suggest that there is about a 1% decline over the five-year period 35 to 39 (total over the five years).
For comparison purposes, WMA data were also collected (the site is http://www.runscore.com/Alan/AgeGrade.html). The most recent 2015 tables were used. Data for six events were obtained: 5K, 10K, half marathon, marathon, 5,000 meters, and 10,000 meters. The half marathon and marathon have the same age factors, as do the 5,000 meters and 10,000 meters. There are thus four different sets of age factors. Observations were obtained for ages 40 through 95. As noted in section I, the WMA age factors are sometimes used for age scoring in races. It may be useful to give a sense of why some observations may be soft. A soft observation can be interpreted as not enough elite runners of the particular age have run the particular distance to have the biological minimum close to being achieved. Consider, for example, the best age 71 marathon time, which is 3:00:58. The best age 73 time is noticeably smaller: 2:54:48-Ed Whitlock. The best age 83 time is 4:19:07. The best age 85 time is noticeably smaller: 3:56:38-Ed Whitlock. The slower times at the younger ages can be taken to mean that there have not been enough Ed Whitlocks of the particular age running the marathon to be close to the biological minimum. These are the dominated observations that have been excluded from the estimation. For a possibly soft nondominated observation, take the best age 89 time in the marathon, which is 6:35:38. The best age 90 time is is essentially the same at 6:35:47. But surely b 90 is noticeably larger than b 89 , which means at least that the gap for age 89 is large. This problem is also the reason women's data have not been used in this study. More time is needed to build up a sample of old women running road races.
Regarding possible changes over time, it may be that the b k curve is shifting down over time as nutrition, running knowledge, and the like improve. For this paper, it is assumed that the curve does not shift over time. The world-record data are primarily since 1990, and changes in b k between 1990 and the present are likely to be modest relative to the fluctuations in r k due to the soft-times problem. Of the 200 nondominated observations used in the estimation, only 26 occurred before 1990. The earliest was 1975, and there were four in the 1970s.
IV. Pooling
A problem with the data is that there are not many observations at the very old ages, and some of these may be soft.
To lessen the sensitivity of the results to this problem, the six events have been pooled. The six events were pooled under the assumption that the curve for each event is the same except for the intercept. For LQ this means that nine coefficients are estimated in equation (4): α, δ, k * , and the six β's. As noted above, the total number of observations is 200. Figure 1 provides some support for the pooling, where the nondominated times are plotted. It is clear that the points per event reveal very similar patterns across the ages.
Pooling for the NP model can be achieved by postulating a fixed-effects model. Letting r ik and b ik denote the observed records and biological minima at age k for the ith event, it is postulated that
where the β i 's represent event-specific fixed effects. Let A i denote the set of nondominated ages for which there are observations in the ith event. The quadratic program objective described above is then modified to be min
and the constraints are modified to be
In addition to defining the biological limits for events 2 through 6 via a constant translation of the limits for event 1
at each age, the constraints enforce the nondecreasing convex lower envelope on the observed records for each event.
Note that via the fixed effects, the constraints on events 2 through 6 also affect the estimation of the biological limits for event 1.
V. Use of Extreme Value Theory
The estimation of the two models described finds the closest possible lower envelope on the observed data subject to the derivative restrictions, where "close" is defined according to the squared difference between observed records and the modeled biological frontier. This section discusses the use of extreme value theory to estimate the true b ik curve statistically.
Extreme value theory (see chapter 9 in David, 1970 ) is that branch of probability that focuses on the distribution of extreme values-maxima and minima-sampled from populations of interest. This theory applies directly to the current problem since by definition, a world running record is the minimum recorded time of all attempts at the distance in question. This definition carries over to age-dependent records, each of which can be recognized as the minimum time observed to date over all such prior attempts.
The key fact that will be employed is generally attributed to Gnedenko (1943) , which loosely states that for a nonnegative random variable, as the sample size n → ∞, if the probability distribution of the observed minimum from a sample of size n exists, then it must be in the form of the Weibull distribution. In our application, this means for a given event i and age k that the prior probability distribution of the random variable R ik , the minimum running time, should be given by
In this model, η ik is referred to as the scale parameter, λ ik is called the shape parameter, and b ik is known as the shift parameter. In our application, the shift parameter b ik corresponds precisely to the true biological minimum b ik and is the object of the estimation. Einmahl and Magnus (2008) previously applied extreme value theory to estimate the fastest times or largest distances possible, but their approach is different from our approach in that they did not attempt to estimate biological limits as a function of age. They instead based their estimates on reports of the m fastest times recorded to date for the largest recorded number m available from data. Their results suggest that observed records for many running events are extremely close to the minimum achievable. For example, they estimate that only 20 seconds could be shaved off the world record for the marathon, while only another 3 to 4 seconds could fall from the existing world record in the 1,500 meters.
Ideally, one would want to identify the scale and shape parameters for all event and age combinations, but recall that the data provide only one observation-the world age record time-for 200 age/event combinations. To identify the parameters, it is assumed that the scale and shape parameters are the same for all age/event pairs. b ik is then modeled using either the LQ model or the NP model, where the six events are pooled as discussed in section IV. While clearly a simplification, assuming that η ik = η and λ ik = λ does afford a very simple interpretation of the results-on average the increase on the log scale from the biological minimum to the modeled event record; call this Δ log -is given by the relatively simple formula
where Γ(·) is the well-known gamma function. Equation (19) is just the expected value of the zero-shift Weibull random variable. This implies that the percentage decrease from the observed record to the biological minimum is approximately
To estimate extreme value models, instead of minimizing the sum of squared deviations subject to constraints, maximum likelihood estimation is employed. The probability density corresponding to a given observed record r ik is given by
Maximum likelihood estimates are most conveniently obtained by maximizing the sum of the log of the probability densities over all observations. Thus, for the NP model, the maximum likelihood estimates are the solutions to max {b 1,37 ,...,b 1,95 ,β 2 ,...,β 6 ,η,λ}
(log(ηλ)
subject to constraints (13) to (17). Similarly, the maximum likelihood estimates for LQ are the solutions to the problem shown above, but with b ik specified according to the LQ model in equations (2) and (3).
VI. The Results
There are two models to estimate-LQ and NP-and two estimation methods-minimizing the sum of squared deviations subject to the constraints and maximum likelihood. The four sets of estimates will be denoted LQmin, LQml, NPmin, and NPml, respectively. The results from these estimates will be compared the WMA results and the earlier results for the LQ model in Fair (2007 The results are similar in table 1 for the three LQ rows. The estimates of α, k * , and δ are slightly higher for LQmin and LQml versus the LQ estimates in Fair (2007) , which leads to the age factors being slightly higher for LQmin and LQml. In general, however, the estimates are all fairly close. The estimates are also close for NPmin versus NPml.
Comparing the LQ rows with the NP rows, NP has slightly lower age factors through age 70 and higher age factors at age 95. The larger age factors at age 95 reveals a problem with the NP estimates, which can be seen in table 2 for NPmin. At age 89, there is a large jump in the second derivative, which means a large change in the decline rate after that. There is also a large jump at age 93. Although not shown, NPml has a large jump at age 88. These large jumps do not seem sensible biologically (there is nothing magic about ages 89 and 93), and so the NP estimates after age 88 are not trustworthy.
The WMA age factors are close to those for LQ Fair (2007) . This is not, however, completely independent information because the LQ Fair (2007) results have probably influenced the WMA results in various (subjective) ways.
10,000 meters, only the 5,000 meter results are presented. In table 2, only the 5K and marathon results are presented for WMA. The WMA age factors were normalized to have them equal 1.0 at age 40 to make them comparable to the other age factors. The same was true for the age factors in Fair (2007) .
The main difference between the current LQ age factors and the WMA age factors is at the very old ages, where the WMA age factors are smaller. Table 2 shows what is problematic about the WMA results. The second derivatives are not always nondecreasing, and in five cases for the marathon, they are negative. So the biology is probably not quite right.
Looking at table 2 more closely, for LQmin the second derivative is 0 up to age 78 and then after a transition, it is constant at 0.004444 from age 80 on. For NPmin the second derivative is 0 up to age 64, 0.000193 at age 64, then 0.000331 up to age 75, then 0.001532 up to age 82, then 0.002515 up to age 89, then 0.011308 up to age 93, and then 0.020437 after that. There are thus seven LQ segments for NPmin compared to one, of course, for LQmin, where the last two segments for NPmin are not sensible. Figures 2 and 3 show the closeness of LQmin and NPmin except at the very old ages, where NPmin increases faster. For the WMA lines, they decrease more slowly at the very old ages. The two figures give a good sense of what is being estimated. Remember that because of pooling, the 5K and marathon lines for LQmin and for NPmin are the same except for the intercept. The plots for LQml and NPml are very close to those for LQmin and NPmin, and these have not been presented for space reasons. Now consider more detailed results behind the extreme value estimates LQml and NPml. For the NP model, η = 20.81 and λ = 1.20, while for the LQ model, η = 12.65 and λ = 1.01. Via equation (19), the average log increase of existing records over the biological minimum is equal to 0.0743 and 0.0799 for the NP and LQ models, respectively. From equation (20), these estimates imply that the average percentage decrease from observed records to the biological minimum approximately equals 0.0716 and 0.0768, respectively. Clearly these estimates qualitatively convey the same information and suggest that one should not be surprised to see existing records fall by about 7.5% on average. This result is quite different from that reported by Einmahl and Magnus (2008) . They estimated that the men's marathon record could be expected to fall by only 20 seconds; by contrast, our analysis suggests that the marathon record could be reduced by 9 minutes or more.
VII. Comparing Fits
Recall that the gaps k reflect distance from the (upperbounded) biological minimum b k to the extant record r k , and as such are not measurement errors in the usual sense. Nonetheless it is worth discussing briefly the closeness of the convex hulls for the LQ and NP models. That the NP model "fits" better is obvious from a cursory examination of figures 2 and 3. The sum of squared deviations produced by the NP model equals 1.80, a reduction of 17% from the LQ sum of squared deviations of 2.18. However, this reduction comes at considerable cost. While the NP model can indeed be thought of as nonparametric, subject only to the constraints that the resulting b k 's are nondecreasing and convex with respect to age, this model actually requires the estimation of 59 parameters: one for each age from 42 to 95 inclusive, plus an additional five fixed effects to enable pooling over all six running events.
To put this in perspective, with 200 actual nondominated running records used to fit the models in this paper, the LQ model with its nine free parameters averages 22.2 observations per parameter, while the NP model averages 200/59 = 3.4 observations per parameter estimated. All told, the NP does what is is asked to do: produce the least squares lower convex envelope for the data presented subject to the constraints stated earlier. Biologically, it is difficult to argue why the specific number of resulting breakpoints occurs, in addition to the specific placement of these breakpoints. Ease of model interpretation plus biological plausibility argues in favor of the LQ model in spite of the slightly better fit offered by NP.
The extreme value estimation also reveals information about the the comparative fit of the NPml versus LQml estimates. The nonparametric log likelihood equals 325.27, only marginally larger than the LQ log likelihood of 319.00. To gain a sense for how close these numbers are, in standard maximum likelihood problems, twice the difference in log likelihoods has a chi-square distribution with degrees of freedom equal to the difference in the number of parameters estimated. Comparing LQ and the NP models, twice the log likelihood difference equals 12.54, while the difference in the number of parameters estimated equals 50. To reject the LQ model in favor of the nonparametric alternative at the usual 5% level of significance would require twice the difference in log likelihoods to equal or exceed 67.5, a number far larger than the observed value of 12.54. While, strictly speaking, the standard maximum likelihood results do not apply to our problem owing to the constraints imposed, it is clear that the improvement in fit from the NP model over the LQ model is insufficient to warrant rejecting LQ. That both models produce similar values of Δ log is further testimony to the satisfactory fit of LQ.
VIII. Conclusion
The support for the LQ model in this paper suggests that there is linear decline in percentage terms up to the late 70s and then quadratic decline after that. The estimates at the very old ages must be interpreted with caution because of the small number of observations and the fact that some of the observations may be soft. This is the main limitation of the paper. In the future, as more observations become available at the old ages, one will be better able to pin down the decline rates at the old ages.
It is interesting that even though the extreme value theory requires a strong assumption about the distribution of the gaps, the estimated decline rates using this theory are quite similar to those estimated by minimizing the sum of squared deviations. If the extreme value results are to be trusted, they suggest that on average, the true biological frontier is about 8% below the currently observed records.
Regarding the WMA age factors that are currently used in some races, they are fairly close to the LQ age factors except at the old ages, where they are noticeably lower. They also do not meet the second derivative restriction, which should be corrected.
As noted in section I, the LQ results are encouraging to humankind in that there is only linear percentage decline up to the late 70s and that after age 90, the age factors are only a little over two.
The age factors for LQmin are presented on the website (https://fairmodel.econ.yale.edu/aging/upd2017.htm). This site can be used for age grading running times. An individual male runner can also use the site to compute how fast he should be slowing down as he ages, assuming that he slows down at the same percentage rate as the age factors imply. Women runners can also use the site under the further assumption that the age factors also pertain to them. Until more data are available for old women runners, using the male age factors is probably the best that one can do.
